
Math Logic: Model Theory & Computability
Lecture 20

Deduction theorem
.
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We show by induction onn that there is a proof of 4-4 from
T

.

suppose for all icn there is a proof of U-; from T and we show

that TH 4- Yu .

Casel : Tut Axiom (DVT.
Then by Cal of previous proposition ,

T+ Y-> Yu
.

Case 2 : Ye = Y
. Then by (b) of previous proposition,

+ -Yu
,

so T YrYn .

Case 3 : Ye is obtained from Ti
, 4 by MP

. Thn ↑j = ↑it Yu and by indust

tion hypothesis ,
we have THEY and T+Y - (ti + ↑u)

. By Axiom (2)
,

+ (- 4) + ((4+(: -> ↑n))-> (x -> Yu)] ,

so by applying MP twice
,

we get TH-> Tu
.

Prop . let 4 ,
4 be reformulas and r be a variable.

(a) + ( - 4)-> Y
(1) + 4 -> (-y)

(c) + 4-> 174-34) and + + 4-(4 -> 4)
(We can abbreviate Muse as (114)+↑ and FY14)-> 4)

(d) + (4 -> 4)+ (- 4-> -4)

(e) + T
,
where T : = Ev (v = v)

.

(f) + ↓ > Y
,
where hi= -T

(g) & YA/ -> JuY
,

where t is a -term that is OK to plug-in for ring.



Proof
.

(a) By Reduction
,
it's enough to

pore
%.

(H) Axiom 3 : +(e + 24) + (( - 4 + - 24) -> x)
(2) By (b) of prov prop : I -24

.

(3) MP (2)
,
(1) : + ((> - - 4) + 0

.

(4) By (a) of per prop : <Y + 24->Y
.

(5) MP (4), (3) : 224-4
.

(b) HN.

# By Deduction
,
it is enough to prove 3

,
241-4. Axion (3) gives

<Y+ 4) - ((24 - 24) + 4)
,
(a) of por prop gives

4
,
34 + it+ 4 and 4

,
79 + 14-74

,
an two applications

of MP give 4
,
24 + 4.

(d) By Deduction
,

it's enough to prove
4-4

,
24 + -4

. By Axiom (3)
,

(f+ H + ()+ - ++ -H= 3) and part (a) gives ~24-Y,
then one can show using Axion (2) that we get 4-4 + 24-4.
Also, -4-2-T by part (a of por poop, so two MPs

give 4+ 4
,
- + -

.

(e) Bs the equality axion (ooa)
,
& ver so generalization axion 1st

gives + fr(v = v).

#) We already have 5 and by (s + T+ (h + 2)
,

so MP

gives -X.

1) Ery stands for a free
,

so Is (d)
,

we need to prove
↑ Fr2 -> - Yst/)

.

And this follows by instantiation axion (4).



Constant Substitution Lemma
.
It I be a reformula in which r is a free varia-

bee
,
and letT be a --theory .

Let a be a constant symbol that is not in 0
.

Ther T + Y(% ) if Try .

In other words
,

a new constant symbol has the same role as a free variable.
Proof. St. Suppose THO . Then by generalization axioms Ist ,

THEY,
so instantiation gives T + /).
=> Requires induction on the length of a port of Y(%) from T

.

This amounts to showing At if a frank 4/4) -Axion(UVSc3) then

-Axion10)
,
which one checks by hand

,
axiomabs-axion .

Left for HW.

Syntactic versions of consistency and completenes.

Def . Call a --theory
consistent if there is no 5-sentence - such that THY and Tru %.

syntactically complete if for each -sentence
,
T + Y or Th - U.

I-maximal consistent if it is consistent and for each 5-sentence 4,
T or TET.

Prop .
For a -Hurry T

,
the following are crivalent :

(1) T in consistent.

(2) T * L
.

(3) TXY for come 5-sentence Y.

Proof
.

(2) = (3)
. Trivial ,

(1) = (2)
. Benge TFT ,

(1) says
that T cannot prove2=: In

,

(3) => (1)
.

We show (l => > (3)
· Suppose THT and Tre Y for some Orsen-

Hence 4
.
Then for each resentence e

,
ve have T+P- (4 -> 4)

,

so by two applications of MP
,

we get THU.



Compartur for +
.

For a 5-tog T and a -formula 4,
If THY then Tott for some finite subthony To &T

.

Proof
.
Proof are finite !


